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Abstract 

A quantum theory representations of real (R) and complex (C) numbers 
is given that is based on states of single, finite strings of qukits for any 
base k > 2. Arithmetic and transformation properties of these states are 
given, both for basis states representing rational numbers and linear super- 
positions of these states. Both unary representations and the possibility that 
qukits with k a prime number are elementary and the rest composite are dis- 
cussed. Cauchy sequences of qt string states are defined from the arithmetic 
properties. The representations of R and C, as equivalence classes of these 
sequences, differ from classical representations as kit string states in two 
ways: the freedom of choice of basis states, and the fact that each quantum 
theory representation is part of a mathematical structure that is itself based 
on the real and complex numbers. In particular, states of qukit strings are 
elements of Hilbert spaces, which are vector spaces over the complex field. 
These aspects enable the description of 3 dimensional frame fields labeled 
by different k values, different basis or gauge choices, and different iteration 
stages. The reference frames in the field are based on each R and C repre- 
sentation where each frame contains representations of all physical theories 
as mathematical structures based on the R and C representation. Some ap- 
proaches to integrating this work with physics are described. It is observed 
that R and C values of physical quantities, matrix elements, etc. which are 
viewed in a frame as elementary and featureless, are seen in a parent frame 
as equivalence classes of Cauchy sequences of states of qukit strings. 



1 Introduction 

Numbers play a basic role in physics and mathematics, so basic in fact that their 
use, both in experiments and in theory, is taken for granted and is rarely examined. 
Natural numbers and integers are probably the most basic because of their role 
in counting, rational numbers play a basic role in that numerical experimental 
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outputs are represented as rational numbers. They also are the type of numbers 
used in all computer computations. 

The importance of real and complex numbers lies in their being the num- 
ber base of all physical theories used so far. This includes classical and quantum 
mechanics, quantum field theory, QED, QCD, string theory, and special and gen- 
eral relativity. Each of these theories is a mathematical theory characterized by 
a different set of axioms. Assuming the axiom sets are consistent, each theory 
has many different representations as mathematical structures based on the real 
and complex numbers. The connection to physics is made by interpreting some of 
the elements in the mathematical structures as representing physical systems and 
physical quantities. Examples include the use, in quantum theory, of elements of 
Hilbert spaces and operators on the spaces to represent states and observable phys- 
ical quantities of systems, the use of other elements, to represent various properties 
of space time, etc. 

In all of this, the tacit assumption is made that the properties of physical 
systems and the physical universe are independent of the properties of mathemat- 
ical theories and their representations. The general approach taken is to discover 
the theory that best describes physical systems and their properties. Little atten- 
tion is paid to whether the basic properties of theories and their mathematical 
representations have any influence on the basic properties of physical systems or 
how intertwined physics and mathematics are. 

The approach taken in this paper stems from the work of Wigner on the 
unreasonable effectiveness of mathematics in the natural sciences jTJ [2] [3] . One 
answer to this problem is that one should work towards developing a coherent 
theory of mathematics and physics together [4j [5] ■ Presumably such a theory would 
show why mathematics is important to physics. 

This paper is, hopefully, a step in this direction. Here extension of previous 
work on the quantum representation of numbers [6l [7] shows that quantum the- 
ory representations of real and complex numbers have properties not possessed 
by classical representations of these numbers. It will be seen that the structures 
resulting from these properties suggest a close intertwining between the properties 
of physical and mathematical systems. 

Although little investigated, these possibilities are not new. Perhaps the 
closest is the work of Tegmark [8j [9] which suggests that the physical universe 
really is a mathematical structure. Other work which emphasizes the close re- 
lationship between physics and mathematics is concerned with quantum theory 
representations of mathematical systems. This work includes papers on quan- 
tum set theory [101 111! 112) . quantum theory representations of real numbers 

da mug En nana us, and the use of cate g° r y the ° r y in physics na nu . 

The quantum representations of real and complex numbers presented here 
differ from other work in this area in that they are not abstract representations 
based on quantum logic or on lattice valued models of set theory [T51 [Til [T51 [T7T ITS] . 
nonstandard numbers pj)] , or category theory [5D1 [5T] . Instead they are based on 
representations of natural numbers, N , integers, /, and rational numbers, Ra, as 
states of finite strings of qukits0 

x Qukits are extensions of qubits to systems with states in a finite k dimensional Hilbert space. 
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This choice is based on the observation that all physical representations of 
numbers are in the form of k-ary representations as states of strings of kits or of 
qukits. This is the case for all experimental outputs. Also all computations are 
based on these representations of numbers. The importance of this type of number 
for computations and the limits of computation suggest other ties to information 
theory and limitations on the information resources of the universe [221 1231 121] . 
The restriction here to qukit strings is based on the fact that quantum theory is 
the basic underlying theory of all physical systems. 

Here the quantum theory representations of real numbers are described as 
equivalence classes of Cauchy sequences of states of qukit strings. In essence this 
is a translation of the definition in mathematical analysis textbooks [251 US] as 
equivalence classes of Cauchy sequences of rational numbers into quantum theory^ 

These representations are described in the next two sections. First quantum 
representations of natural numbers, integers, and rational numbers are presented 
as states of single finite qukit strings. These are based on the states of each qukit 
as elements of a k dimensional Hilbert space. These are used in the quantum 
representations of real numbers as equivalence classes of Cauchy sequences of states 
of single finite qukit strings. 

Quantum representations of real and complex numbers differ from classical 
representations in several ways. One difference is that the equivalence classes of 
Cauchy sequences of qukit string states are larger than classical classes as they 
contain sequences that do not correspond to any classical sequence. However, no 
new equivalence classes are created. 

A more important difference is that, for states of qukit strings, there is a 
freedom of basis state choice that does not exist in classical representations. This 
is based on the observation that the states of each qukit are elements of a k 
dimensional Hilbert space. In order that states of qukits, (qk), represent numbers, 
one must choose a basis set of states for each in the string. This is well known in 
quantum computation where binary representations of numbers, such as 1 1100101) 
as a state of a qubit string, imply a choice of basis for each qubit. This freedom of 
basis choice is also referred to here as a gauge freedom or freedom to fix a gauge 
for each q^. It is represented here by a variable g that ranges over all basis or 
gauge choices for qt states in a string. This gauge freedom is seen to extend up to 
representations of real numbers in that for each gauge choice g one has quantum 
theory representations Rk,g of real numbers that are different for different k and 
g. Even though these representations are k,g dependent, they are all isomorphic 
to one another. 

These representations for different k and g are described in section [1] Both 
base changing transformations and gauge transformations are described for the 
finite qk string states. Lifting these up to transformations on the Cauchy sequences 
gives transformations that take one real number representation to another, Rk. g —* 

Rk',g'- 

The description is extended to include quantum theory representations of 
complex numbers, Ck, g , in section [5] They are defined as equivalence classes of 

2 An often used equivalent definition is based on Dedekind cuts of rational numbers instead 
of Cauchy sequences. 
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Cauchy sequences of states of pairs of finite qk strings where the pair elements 
correspond to real and imaginary parts of a complex rational number. Cauchy 
conditions are applied separately to the sequences of real and imaginary compo- 
nents. 

There is another very important difference between quantum and classical 
representations of real and complex numbers. This is the fact that the states of 
the qu strings used to define Cauchy sequences are elements of a Fock space that 
is itself a vector space over a field of real and complex numbers. For example all 
eigenvalues of operators acting on these string states are complex or real numbers. 
Also all linear superposition coefficients are complex numbers. This is quite differ- 
ent from the classical situation in that real and complex numbers play no role in 
the representation of numbers as states of bit or kit strings. 

This dependence of quantum theory representations on the real and complex 
number base of spaces of qu string states leads to the possibility of iteration of 
the construction. Each representation Rk. g , Ck, g can serve as the real and complex 
number base of Hilbert space and Fock space representations of qk string states that 
can be used to construct other representations of the real and complex numbers. 

In addition, this same iteration possibility extends to all physical theories that 
are representable as mathematical structures over the real and complex numbers. 
Included are quantum and classical mechanics, quantum field theory, special and 
general relativity, string theory, as well as other theories. 

This leads to the association of a reference frame Fk, g to each representa- 
tion Rk, g ,Ck t g- Each frame F^,g contains representations of all physical theories 
as mathematical structures based on Rk, g ,Ck, g - This use of reference frame ter- 
minology is consistent with other uses [27] [28] in that it sets a base or reference 
point Rk,u,Ck,u for representations of all physical theories. 

Much of the rest of the paper, Section is concerned with properties of these 
reference frames and with three dimensional fields of these reference frames. Two 
of the dimensions are labeled by k and g. The third is by an integer j denoting the 
iteration stage. Different iteration possibilities are considered:, finite, one way infi- 
nite, two way infinite, and cyclic. Also properties of observers in different locations 
in the frame field are described. 

Section [7] includes a discussion on what is probably the most important out- 
standing issue, how to integrate the frame field with physics. This is especially 
important from the viewpoint of constructing a coherent theory of physics and 
mathematics together [4, 5 or if one considers the physical universe as a mathe- 
matical universe 019]. Both relatively simple aspects of the possible integration, 
and more speculative aspects are described. However it is clear from this that much 
remains to be done to achieve an integration with physics. 

The discussion section includes a description of the possible replacement of 
Cauchy sequences by operators, a possible use of gauge theory to integrate this 
work with physics, and other issues. 

Two aspects of the following work should be emphasized. One is that rational 
numbers are represented by states of single qubit strings and not by states of pairs 
of qubit strings. This is based on the observation that all physical representations 
of rational numbers, such as computer inputs and outputs, outcomes of measure- 
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ments, physical constants, etc. are as single strings of digits in some base k > 2 
(usually 2 or 10) and not as integer pairs. Also complex numbers are represented in 
computations by pairs of finite digit strings in some base where the pair elements 
correspond to the real and imaginary components. The use of this representation 
is based on the fact that sets of rational numbers so represented are dense in the 
sets of all rational and all real numbers. 

In this paper basic arithmetic relations and operations for the different types 
of numbers are discussed. The reason for this is based on the observation that 
states of kit or qukit strings, such as 1 100101) for k = 2, do not, in any ab initio 
sense, represent numbers of any type. In order to show that these states represent 
numbers, one must prove that they satisfy a relevant set of axioms. The axioms 
are expressed in terms of properties of basic arithmetic relations and operations. 
It follows that a proof that sets of states of finite g& strings represent numbers 
is based on showing that definitions of these relations and operations satisfy the 
relevant axiom sets. Some details of these proofs, which are based on classical 
proofs, [35] , are given in [SJ [25] . 

2 Quantum Representations of Natural Numbers, 
Integers, and Rational Numbers 

2.1 Representations 

The quantum representations of numbers are described here by states of strings 
of qukits on a two dimensional integer lattice, I x I. The states are given by 
|7, 0, h, s)k, g where s is a 0, 1, • • • , k — 1 valued function on an interval [I, h; u, h] of 
I X I, with I < < u, 7 = +,— denotes the sign, and 0, h the lattice location of 
the k — al point. The reason for the subscript g will be clarified later on. 

Here it is intended that the states |7, 0, h, s)k, g represent numbers in N,I, 
and Ra. For numbers in TV, 7 = +, / = 0; for numbers in J, I = 0, and there are 
no restrictions for Ra. A compact notation is used where the location of the sign, 
denoted by 0, h, is also the location of the k — al point. As examples, the base 10 
numbers 612, -0474, -012.7100 are represented here by |612+), |0474— ), |012- 
7100) respectively. Note that leading and trailing 0s are allowed. 

The states I7, 0, /i, s)k, g can be represented in terms of creation operators 
acting on the qukit vacuum state |0) where 

| 7 , 0, M>k = c\,oA(u,h),u,h ■ ■ ■ a l(l,h),i lh \°) = c\,o,hWh\°)- 

Here (y h creates a sign qubit at (0, h) and a\ ■ h creates a qukit in state i = 
0, 1, ■ • • , k — 1 at (j,h). (a^)/j is a short representation of the string of a^ operators. 

The creation operators and the corresponding annihilation operators satisfy 
the usual commutation or anticommutation rules for respective boson or fermion 
qukits. The variable h is present to allow for the presence of n — tuples of qk string 
states representing n — tuples of numbers. 

The use of I x I as a framework for qukit state representations is based on 
the need to distinguish qukits in a string by a discrete ordering parameter and to 
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distinguish different qukit strings from one another. This is seen in Eq. [T] where 
the integers j with I < j < u order the qukits in a string and the values of h serve 
to distinguish different strings. There is no need to consider J x / as a lattice of 
points in a two dimensional physical space as its sole function is to provide discrete 
ordering and distinguishing labels. 

Also the locations of the qukit strings in the lattice direction of the strings 
will be restricted in that the sign qubit will always be at site 0. This restriction is 
inessential because the only function of the j label in (J, h) is to provide a discrete 
ordering of qukits states in a string. 

The set of states I7, 0, h, s)k, g for all 7, h, s are a basis, Bk,h,g, that spans a 
Fock space T k .h of states that are linear superpositions 

^ = 22 c -y,h,s\l!,0,h,s) ktg (2) 

Here and in the following, ^ s = J2i<o S u >o S s , j ^ s a sum over an integer 
intervals [I, u] and over all 0,1, ■ ■ ■ , k — 1 valued functions s with domain [l,u]. A 
Fock space is used because states of q k strings with different numbers of qukits 
are included. The subscript k > 2 denotes the base. Note that base k qukits are 
different from base k qukits just as spin k systems are different from spin k' 
systems. 

Extension of the description to include pairs, triples and n — tuples of basis 
states and their linear superpositions is done by distinguishing different states in 
the tuples with different values of h. For each finite subset S = hi, h 2 , ■ ■ ■ , higi of 
integers where |>!?| is the number of integers in S, let B ky s, g be the set of states of 
the form \ ji,0, hi8i)k\jss, 0, h 2 , s s ) k ■ ■ ■ \j\s\,0, h\ s \,s\ s \) k . Define B k>g by 

B k , g = \jB k , s , g . (3) 

s 

B ki9 is a basis set of all finite tuples of states of finite q k strings. Let T k be the 
Fock space spanned by the states in B k , g - 

The representation of state n — tuples used here is by products of states 
as in I71, 0, hi, s±) ktg ■ ■ ■ I7151, 0, higi, s\s\)k,g- The A-C operator representation of 
this state is c\ u0M (a%\ ■'■c^ s]tOt ^ s] (a^) s ^\0). For bosons the ordering of the 
operators is immaterial. For fermions a specific ordering must be selected as a 
canonical ordering. 

The basic arithmetic relations needed to show that the states |7, 0, h, s} k ^ g do 
represent numbers are equality =A, k ,g and less than <A,fc,gll 

| 7 , 0, h, s) kig = A ,k,g W, 0, h', s') kig (4) 

3 One cannot avoid defining these relations and operations directly on the states. To see this 
let the operator N satisfy N\j, 0, h, s)k ig = AT (7, s)|7, 0, h, s}/s i9 where N(-y, s) is supposed to be 
the number represented by I7, 0, h, s)fc, 9 - Because of the possible presence of leading and trailing 
Os, the eigenspaces of N are infinite dimensional. One knows that the set of eigenvalues of N 
satisfy the relevant axioms. To prove that N(-y,s) is the number represented by I7, 0, h, s)k, g 
one must show that TV is a homomorphism. This requires defining the arithmetic relations and 
operations directly on the states and showing that they satisfy the relevant axioms. 
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holds if 7' = 7 and s' — s up to leading and trailing Os0 

Arithmetic ordering <A,k,g on N, and on positive I and Ra states, 

|+, 0, h, s) kt9 < A ,k, g \+, 0, hi, s') k>g (5) 

expresses the condition that the left hand state is arithmetically less than the right 
hand state0 The extension to zero and negative I and Ra states is given by the 
two conditions 

|+, 0, h, 0) k , g „ < A ,k,g |+, 0, ti, s') k , g for all s' ^ 

| + , 0, h 7 S) k ,g <A,k,g \ + , 0, h', S') k ,g (6) 
-> | — ,0, h', S')k,g <A,k,g \-,0,h,s)k,g- 

Here denotes a constant sequence. 

The A subscript in these relations emphasizes that these are arithmetic rela- 
tions on the states. They are quite different from the usual quantum mechanical 
relations between states. For instance, two states which differ by the number of 
leading or trailing 0s are arithmetically equal but are not quantum mechanically 
equal. 

The basic arithmetic operations on Ra are +, — , x, and a set of division 
operations, -r^, one for each t. This expresses the fact that the set of k — ary 
rational string numbers is not closed under division when restricted to single finite 
length strings. However it is closed under division to any finite accuracy, k~ l . For 
each k, unitary operators for +, — , x, and are represented by +A,k,g, ~A,k.g, 
y~A,k,g, and -i~A.k.g,e- These operators, acting on pairs of qk string states as input, 
generate an output triple consisting of the pair of input states and a result string 
state. 

To express this in a bit more detail, let OA,k,g represent any of the four 
operation types, (O — +, — , x,-=-^.) Then 

OA.fe.sl7l 0, h, s) k ,g\Y, 0, h', s')k, g / 7 > 
- \ 7 ,0,h,s)k, g h',0,h',s')k, g \Y',0,h",s")k, g ,o A { ' 

The preservation of the input states is sufficient to ensure that the operators are 
unitary. The values of h, h! , h" are arbitrary except that they are all different. 

In these equations the states I7", 0, h", s")k, g with subscripts O = +, — , x , 
give the results of the arithmetic operations. It is often useful to write them as 

| 7 ", 0, h", S") k .g. + = |0, h", ( 7 ', S' + A 7, S)) k ,g, 
| 7 ", 0, h", S ") k .g.- = |0, h", ( 7 ' ; S' -A 7, S)) k ,g, 

0, h", S ") k .g. X = |0, h", (7', S> X A 7, S)) k ,g ^ j 
|7", 0, h", S") k .g^ t = |0, h", ( 7 ', S' ~ A ,l 7, S)) k ,g. 



4 That is, for all j, If j is in both [l,u] and [Z',u'], then s(j,h) = s'(j,h'). If j is in [l,u] and 
not in [/',«'], then s(j,h) = 0. If j is in [l',u'] and not in [l,u], then s'(j,h') = 0. The domains 
of s and s' are [l,h;u, h] and [/', h'\ u' , h'\. 

5 The <A,k relation can be expressed by conditions on s and s' . Let jmax and j' max be 
the largest j values such that s(j max , h) > and s'(j' max ,h') > 0. Then |+, 0, h, s)k g <A,k,g 

| + , 0, h\ s') ki g if j ma x < j' ma x or jmax = j' ma x and s{j ma x,h < «' ' (j'max , h ')- 
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The subscript A on these operations distinguishes them as arithmetic operations. 
They are different from the quantum operations of linear superposition, +, — and 
product, x with no subscripts. 

Extension of these operations to linear superposition states introduces entan- 
glement. Use of Eq. [7] gives 

OAXgW = E 7 ,h, s Ey.hv k, g {l, 0, h, s\i>) k>g {i , 0, ti, s'\ip') k ,g (q) 
x\-r,0,h ) a) k , g \'y',0,h , ,s')k, a \'y",0 ) h",i")k,g,o A . { ' 

Another operation that is essential for the axioms for iV" and is useful for the 
others is that of the successor operation which corresponds to the +1 operation. 
For q k string states the definition can be expanded to include successor operators 
Vj for each integer j. The action of Vj on a base k string state 

^■|7,0,M>fc, 9 = \j',0,h,s') k , g (10) 

corresponds to the arithmetic addition of k? where j is any integer. The usefulness 
of this operation is that the other arithmetic operations can be defined in terms 
of it. 

Also this definition provides an efficient wajQ to implement the arithmetic 
operations |34) . This follows from the observations that for each k 

V* = V j+1 (11) 

and that the implementation of each Vj is efficient. Also implementation of the 
various arithmetic operations by use of the Vj is efficient. 



2.2 Transformations of Representations 

As was noted earlier, the Fock space, !F k , is spanned by the basis, B k , g , that is 
the set of all finite tuples of states of finite q k strings. Ultimately, B k , g consists of 
sums and products of the individual q k bases, B k ,h,j,g where B k ,h,j,g is a set of k 
single q k states that spans the k dimensional Hilbert space Hj,h for site j, h. 

As is well known there are an infinite number of choices for a basis set in 
a Hilbert space. Here B ki h,j, g denotes one choice. A choice of a basis set for each 
7ij,h is equivalent to a gauge fixing. Thus a basis choice for each j, h corresponds 
to a particular gauge choice at j, h. The subscript g represents a a gauge fixing 
function where for each integer pair j, h, 

g(j,h) = B k ,j, h , g . (12) 

In what follows it is quite useful to treat B ky9 and T k together. They will be 
denoted as J-B k , g - One reason for this is that the arithmetic relations and opera- 
tions, which are needed to prove that the states |7, 0, h, s) k>g represent numbers, 
in N , /, and Ra, are defined on the states in B kt9 and extend by linearity to states 
in T k . 

6 The numbers of steps to implement the arithmetic operations are polynomial in the qukit 
string lengths. 



The arguments given so far show that the set of all TBk, g form a space 
parameterized by a space of 2 — tuples (k, g). Here k is a base and g is a gauge fixing 
function defined by Eq. [T2] Transformations (k,g) — > (k',g') on the parameter 
space induce transformations TBk, g — > TBk', g > on the representation space. The 
two transformations of interest are the /c changing transformations ,fc and the 
gauge transformations Gauge transformations of the sign qubit are ignored 
here although they could be easily included. 

The gauge transformation, Uk is a U(k) = U(l) x SU(k) valued function on 
Ix I. Uk is global if Uk(j, h) is independent of j, h. Otherwise it is local. The action 
of Uk changes the basis set or state reference frame for each qukit [31j in that 

Uk{j,h)Bk y j,h,g =BkJ,h,g'- (13) 

holds for each g. 

One can use the definition of Uk to define gauge transformation operators on 
Bk,h,g and Bk, g - Here notation will be abused in that Uk will represent all these 
transformations. It will be clear from context which is meant. 

The action of Uk on a state |7, 0, h, s, }k, g and the individual A-C operators 
is given by 

|7, 0, h, S) k ,g> = Uk\j, 0, h, S)k,g 

= c l,o,h U b(. u ' h )( a l)s(u),u,h ■ ■ ■ U k (l, fc.)(4) s (rM,fc|0) (14) 

= c \,0,h(( a l)u k (u,h))s(u),u,h ■ ■ ■ (( a l)u k (l,h))s(l),l,h\0) 

where 

(( a l)u k (j,h)) a ,j,h = U k {j, h){a\) ad>h = Y^p U k {j, h) a ^(al)/3j th . 
(( a k)u k (j,h))p,j,h = (a k )f3,3,hUl(j, h) = J2 a UkU, h) a ^a aJ . h 

These results are based on the representation of Uk(j, h) as 

Uk{j, h ) = ^2(Uk{j, h))aA a k)<xJ,h( a k)pj,h- (16) 

a,/3 

Here ((ak)u k (j,h))a,j,h is the creation operator for qk in the state \a,j, h)k,g' in the 
basis Bkj,h,g' just as (a\)a,j,h is the creation operator for qk in the state \a,j, h)k,g 
in the basis Bkj,h,g- 

The base changing operator Wk',k is more complex. If Wk',k is defined on the 
state I7, 0, h, s)k, g , then 

| 7 , 0, h, s') k >, g = W k ',k\l, 0, h, S) k ,g (17) 

represents the same number in the base k' representation as I7, 0,h, s)k does in 
the base k representation. This a nontrivial requirement because one needs to 
specify what is meant by "the same number as". In particular it means that all 
number theoretic properties are valid for I7, 0, h, s)k, if and only if they are valid 
for \j,Q,h,s')k>- 
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For any k' , k, the operator W k ' yk is denned for all natural number and integer 
qukit string states. For qukit string states that represent rational numbers the 
domain and range of W k / lk depend on the relations between the prime factors of 
k and kl . The domains and ranges for the different cases are summarized by the 
following relations [29]. Let PF(k) denote the prime factors of k. Then 

If PF(k) P| PF(k') = then the domain and range of W k ',k 

are the integer subspaces of TB k ^ g and TB k \ g 
If PF(k) C PF(k') then W k , M TB Kg C FB k , <g , 

If PF(k) D PF{k') then W k ,, k C TB Kg = FB k ,, g , (18) 
If PF(k), PF(k') each have elements not in the other and 

share elements in common, then W k >, k C FB k ^ g =C TB k ^ g , 
If PF(k) = PF(k') then W w , k TB k , g = FB k ^ g . 

In the above C FB k ^ g denotes a subspace of TB k ^ g that contains the integer rep- 
resentations. In all these cases, if the state I7, 0, h, s) k „ is in the domain of W k i k , 
then the base k' state, Wk', k \'y,0,h,s}k >g , represents the same rational number as 
does \ j,0,h,s)k, g . 

The case where PF(k) — PF(k') is of special interest because for each k 
there is a smallest k' that has the same prime factors as k. If 

*=#■■•*£:. ( 19 ) 

then the smallest kl is given by 

Pj •••/',. • (20) 

Here pj a for a = 1, 2, • • • ,n is the j a th prime number. This shows that for each 
finite subset S of primes, there is a set [ks] of bases such that for any pair k, k'e[ks], 
W k ',k is defined everywhere on TB k . g and W k > , k FB kig = TB k ^ g . 

A special case of this consists of the values k n whose factors are the first n 
primes, each to the first power, 

k n =PlP2 ■ ■ -Pn = 2 X 3 X • • ■ X Pn . (21) 

The sets [k n ] are of interest here because, if n < m, then [k n ] C [k m \. The limit 
properties, as n — * oo, of [k n ] and W k > tkn are open for investigation. 

It should also be noted that the definitions of both U k and W k < >k extend by lin- 
earity to linear superpositions of qukit string states. Ifijj = J2 7 h s c i,h,s\l, 0, h, s) k>g , 
then 

U k ip = J2 7 , h ,s <h,h,,U k \% 0, h, s) k ,g , 22 . 
W k ', k ip = J2 1 ,h,s c i,h,sW k ^ k \j 1 0,h 1 s} kig . 

The validity of the second equation is restricted to the case where all component 
states with nonzero coefficients are in the domain of W k ^ k . 

It is of interest to note that there is in general no commutation relation 
between U k and W klk < . The one exception is the case when k' = k n for some n. 
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However, for each pair k, k' for which Wk,k' is defined everywhere on !F k , and for 
each pair U k , U' k , one can define a transformed operator 

<Wu;u)w,k = U' k ,W k ,, h Ul (23) 
This operator takes a transformed state U k \^, h, s) k g to a base k' state 

(Wu',u)k',kUk\7,h,a)k,g = U' k ,Wk' .k\l,h,s) k , g 

that represents the same number in the k',g' representation as \y,h,s)k,g does in 
the k, g representation. The steps in the representation transformations are 

(k,g)^(k, gi ) W ^ h ' (k\ gi ) U M (k',g'), (24) 

Note that basis or gauge choice g\ chosen for the base k states is used to label the 
gauge choice for base k' states that are connected by W k ,k> ■ 



2.3 Transformations of Arithmetic Relations and Opera- 
tions 

The arithmetic relations and operations transform in the expected way under the 
action of Wk,k' and U k . One has 

=A,k',g= {W k ,k> =A,k,g Wfc.fc') 
<A,k',g— Wk,k' <A,k,g W k>k , 

for the relations and 

OA,k',g = W k ,k' x W k ,k' x W kyk < 



xOAxMk'XWL, 



(26) 



for O = +, X, 

These transformations of relations and operations hold without restrictions if 
and only if If k and k' have the same prime factors. If this is not the case, then the 
restrictions expressed by Eq. [18] apply here. In the worst case where k and k' are 
relatively prime, the transformations are restricted to the integer subspaces of T k 
and T k ' ■ The presence of three transformation operators on the left of OA,k, g and 
two to the right accounts for the fact that OA, k , g preserves the two input strings 
and creates a third. 

One has similar relations for the gauge transformations of relations and op- 
erations. 

~A,k,g'= (Uk =A,k,g Uf.) 



for the relations and 



for O 



<A,k',g= U k <A,k,g U k 

OA,k,g> = U k xU k xU k 
xO A ,k,gUl X U\ 



(28) 
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2.4 Unary Representations 

So far all number bases have been considered except one, the value k = 1. The 
k = 1 string representations are called unary representations. These are not usually 
considered, because basic arithmetic operations on these numbers are exponen- 
tially hard. For instance the number of steps needed to add two unary numbers is 
proportional to the values of the numbers and not to the logarithms of the values. 
However, even though they are not used arithmetically, they are always present in 
an interesting way. 

To see this one notes that k — 1 representations are the only ones that are 
extensive, all others are representational. The representational property for k > 2 
base states of a qukit string means that a number represented by a state has 
nothing to do with the properties of the string state. The number represented by 
the state, |672), of a string of 3 q' 10 s is unrelated to the properties of the qukits in 
the state. 

The extensiveness of a unary representation means that any collection of 
systems is an unary representation of a number that is the number of systems in 
the collection. There are many examples. A system of spins on a lattice is an unary 
representation of a number, that is the number of spins in the system. A gas of 
particles in a box is an unary representation of a number, that is the number of 
particles in the box. The qukit strings that play such an important role in this 
paper are unary representations of numbers, that are the number of qukits in the 
strings. A single qukit is an unary representation of the number 1. 

The omnipresence of unary representations relates to another observation 
that 1 is the only number that is a common factor of all prime numbers and of 
all numbers. So it is present as a factor of any base. This ties in with the fact 
that unary representations of numbers are possible only for natural numbers and 
integers!]] Also there is the related observation that, for any pair k, k 1 , the domain 
and range of Wk' ,k include the integer subspaces of Tk and Ty , and if k, k! have 
no prime factors in common, Tk and Tk 1 are the domain and range of Wk' 

The extensiveness of unary representations supports the inclusion of the U(l) 
factor in the definition of Uk as a (7(1) x SU(k) valued function on I x I. As a 
very simple example, a state (ajj) a ,(ij) |0) of a qukit at location (7, j) is an unary 
representation of the number 1. Multiplication of this state by a phase factor e *>* 
is a transformation that gives another state that is also an unary representation 
of the number 1. 

This argument extends to states of strings of qukits. A phase factor associated 
with any state of a string of qu at sites (I, h), ■ ■ ■ (it, h) is a product of the phase 
factors associated with each of the qk in the string. If e j - h is a phase factor for 
the state of the qk at site (J, h) 7 then e^iCM.^.h)] , where 9[(i,h),(u,h)] = J2]=i @j,h, 
is the phase factor for the state of the qk string in the site interval [(/, h), (u, h)]. 

As is well known, multiplying any state by a phase factor gives the same state 
as far as any physical meaning is concerned. However here one can have linear 
superpositions of states of strings of qk both at different locations and of different 

7 Non integer rational numbers require pairs of unary representations. However, pairs are not 
being considered here. 
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length strings. In these cases the phase factors do matter to the extent that they 
can change the relative phase between the components in the superposition. 



2.5 Composite and Elementary Qukits 

So far the qukit components of strings are considered to be different systems for 
each value of k. A k qukit is different from a k' qukit just as a spin k system is 
different from a spin k' system. This leads to a large number of different qukit 
types, one for each value of k. However, the dependence of the properties of the 
base changing operator Wk>,k on the prime factors of k and k' suggests that instead 
one consider qukits as composites q Ck of prime factor qukits q Pn . In general the 
relation between the base k qk and the composite base c(k) q Ck is given by 

(29) 

where (Eq. Q3JJ) 

. Simple examples of this for k — 10 and 18 are q Cl0 — (?2<Z5 and q Cl8 — g2<73<73- 

The observation that for each k there is a smallest k' with the same prime 
factors and its relevance to the properties of Wk',k suggest the importance of the 
q cy where the powers of the prime factors are all equal to l(Eq. I2TJ)) 

ic k , = q Pn q P]2 ■ ■ ■ q Pon ■ (30) 

A particular example of this for k n , the product of the first n prime numbers, is 
shown by (Eq. [2T]) 

q Chn = 92<?3<?5 •■•%,„• (31) 

These considerations suggest a change of emphasis in that one should regard 
prime number qukits q Pn as basic or elementary and the qukits qk as composites 
of the elementary ones. In this case one would want to consider possible physical 
properties of the elementary qukits and how they interact and couple together to 
form composites. This is a subject for future work. It is, however, intriguing to 
note that if the prime number q Pn are considered as spin systems with spin s n 
given by 2s n + 1 = p„, then there is just one fermion, q%. All the others are bosons. 

As was the case for strings of qk, one wants to represent numbers by states of 
finite strings of composite q Ck . In general, this involves replacing the k dimensional 
Hilbert space Hk at each site in / x / by a product space 

Hc k =H h p l®---®H h p l, (32) 

and then following the development in the previous sections to describe number 
states. In particular the gauge fixing would apply to each component space in Eq. 
[32] for each location in / x /. 

The requirement that states of the form I7, 0, h, s') c , t9 represent numbers is 
based on an ordering of the basis states of q Ck , or, what is equivalent, an ordering 
of the n — tuples in the range set of s' . The definitions of arithmetic relations and 
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operations for these states must respect the ordering and they must satisfy the 
relevant axioms and theorems for the type of number being considered. 

The description of the transformation operations Wk>,k an d Uk> can be ex- 
tended to apply to the composite qukit strings. The base changing operator W Ck ,, Ck 
changes states of q Ck strings to states of q c , strings that should represent the same 
number. Note that the expression of W Ck , :Ck in terms of sums of products of AC 
operators will include the annihilation of many component elementary qukits in 
q Ck and creation of many that are components of q Ck , . 

The description of gauge transformations U Ck applied to states of q Ck is in- 
teresting. If q Ck is composed of elementary q Pj as given by Eq. [3U1 then U Ck is a 
map from / x I to elements of U{pj 1 ) x • ■ ■ x U(pj n ). Here U(pj i ) is the unitary 
group of prime dimension pj i . For the special case of Eq. 13 1 1 U Ckn takes values in 
U(p\) X • • • X U(p n ). respectively. Since U(pj) = U(l) x SU(pj) the values of U Chn 
can be represented as elements of 

U(l) x SU( Pl ) x SU( P2 ) x ••• x SU( Pn ) 

= U{1) x SU[2) x SU{3) x 517(5) x • • ■ x SU( Pn ). [ > 

Here the phase factor elements in U(l) for each elementary qukit have been com- 
bined into one phase factor for the composite q Ch . 

This brief description of composite and elementary qukits shows that this 
may be an interesting approach to examine further. Problems to investigate include 
the nature of the coupling of elementary qukits to form a composite, invariance of 
properties of composite qukit string states under the action of Uk, particularly of 
U c (k n ), and other aspects. 

The discussion so far suggests that, as far as quantum theory representations 
of natural numbers, integers, and rational numbers are concerned, it is sufficient 
to limit components of gauge transformations to products of elements of U(l) and 
products of elements of SU(p) groups where p is a prime number. Furthermore it 
is sufficient that, for each prime p, elements of SU (p) occur at most once in the 
product. It is also sufficient to limit components to products of the form of Eq. [551 
for n = 1, 2, • • • as these will include representations for all rational numbers. 



3 Quantum Representations of Real Numbers 

Here quantum representations of real numbers are described as equivalence classes 
of sequences of base k > 2 qukit (qk) string states that satisfy the Cauchy condi- 
tion^ Sequences of states are defined to be functions iff from the natural numbers 
to states in Tk- If the states in the range set of \& are all basis states in Bk. g , then 
)k, q - The values of h n in the states \^fn-> h n7 s n )k are all different 
in that m ^ n — > h m ^ h n . This is needed because one must be able to distin- 
guish ^'(n) from ^(m). Here and from now on the location of the sign qubit in 
|7, 0, h, s)k, g is suppressed as it is always the same. 

8 This extends earlier work [6] on real number representations that was limited to k = 2. 



14 



These sequences extend classical representations in that the Bk, g valued se- 
quences correspond to classical states of kit sequences. However sequences of linear 
superposition states have no classical correspondences. 



3.1 The Cauchy Condition for State Sequences 

The definition of the Cauchy condition for sequences of qk string states is a trans- 
lation into quantum mechanics of a definition in mathematical analysis textbooks 
[25] , To this end let "3/ be a Bk, g valued sequence of qk string states. The sequence 
"J satisfies the Cauchy condition if 

For each t there is a p where for all j, to > p , . 

1(1*0-) - AjM *(m)u, fclff )) fclB < A . k . g \+,-e) k , g . 1 

Here |(|*(j) — A,k,g ^{m)\A,k,g))k,g is the basis state that is the base k arith- 
metic absolute value of the state resulting from the arithmetic subtraction of $f(m) 
from 9 (J). The Cauchy condition says that this state is arithmetically less than or 
equal to the state |+, —£)k, g = |+, 0[o,-t+i]l—e)k,g for all j, m greater than some p. 
Here |+, —£) represents the number k~ l ' . The subscripts A, k, g are used to indicate 
that the operations are arithmetic and are defined for base k string states in Bk.g- 
They are not the usual quantum theory operations!^ 

The Cauchy condition can be extended to sequences of linear superpositions 
of qk string states. Let ^(n) — J2 7 h s |7j ^> s )k, g (7, h, s|*(n)). The probability 
that the arithmetic absolute value of the arithmetic difference between ^(j) and 
\l/(m) is arithmetically less than or equal to |+, —£) is given by 

P 3 .rn^Y J1 ,KsT J1 ', h ^A{l,h lS \^{ ] )){iM, S '\^(m))\' : 

\(\j,h, S -A,k,g l' ,h' ,s'\A,k,g))k,g <A,k,g \ + ,~i)k,g- 

The sum is over all I7, h, s), I7', b! , s') that satisfy the statement in the second line 
of the above equation. 

The definition of the probability P* that \I> satisfies the Cauchy condition 
is obtained from the values of P* ' rn t by taking account of the quantifiers in the 
definition in Eq. [M] To this end define the probabilities Pp^, Pf , and P* by 

p* _ \„f p* 

r p,t ~ mi ri,m>p r n ,m,l 

Pf = limsupp^^ Pfj, = limp^oo P* £ (36) 
P* = liminf^oo Pf = lim^oo Pf . 

This definition is based on the structure of the Cauchy condition in Eq. I3~il 
It shows that the asymptotic values of P* TO c as m, n — > 00 are important. The 
values for any particular to, n or finite set {m, n} of values (with £ fixed) for each £ 
are not important. The structure also shows that P*^ is a non decreasing function 
of p and that Pf is a non increasing function of £. 



9 When it is desired to emphasize the dependence of the definition of the Cauchy condition on 
g, Eq. 1341 will be referred to as the g-Cauchy condition. 
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The sequence iff is said to be a Cauchy sequence if Py is equal to 1. A 
necessary and sufficient condition for this to occur is that P* m ^ — ► 1 as n, m — ► oo 
for each I. That is, 

Theorem 1 Py = 1 4=> lim m , n _» 00 P* m ^ = 1 for each t. 

Proof sufficiency: Obvious as probabilities are bounded above by 1, One has 
Ppg = 1 for each p and I. This gives Pf = 1 for each £. 

necessity: Assume P^ = q < 1. From the definition of Pf one sees that it ap- 
proaches q from above as £ increases. It follows that for sufficiently large £, Ppg, 
which is non decreasing is bounded from above by q as p increases. It follows from 
the definition of P^ e that either lim^n^oo -P* m g does not exist or it exists and is 
• q. OKI) 

There are many examples of sequences iff that are Cauchy with probability 
1. A simple example is the following: Let s be a 0, 1, • • • , k — 1 valued function on 
the non positive integers [0, — oo]. Define iff(n) by 

^ fc-i 

#(n) = |+,0,M [o ,_ n+ i]) fe x -7rX)l - n >h,j)k- (37) 

v * J=0 

Here |j, /i, — n)k denotes a at site —n, h in state j. 

The sequence $ is Cauchy with probability 1 because P* m e — 1 for all 
m,n > £. Also this example does not correspond to any classical Cauchy sequence 
of rational numbers. Additional examples are given in [B]. 



3.2 Basic Relations on State Sequences 

One way to proceed is to define the field relations and operations on equivalence 
classes of sequences and show that these satisfy the real number axioms. However 
this method does not make clear the relation between the basic arithmetic relations 
on the qk string states and those on the equivalence classes. The method used 
here is to define the basic relations and operations on the sequences in terms of 
the relations and operations on the qk string states and use them to define the 
equivalence classes and field relations and operations on the classes. 

As a piece of nomenclature let Rei y s,k,g denote the two relations where 
Rsi t s,k.g is —s.k.g (equality) for i — 1 and Rei t s,k.g is <s,k.g (less than) for i = 2. 
The simplest definition one thinks of is an elementwise definition: 

<I'(/n/iV ,.<>.,,.>!'' Vn*Re i<A ,k, g *'(n). (38) 

Here Rei t A t k,g corresponds to the two relations on finite qk string states. 

These definitions are unsatisfactory in that they are too strong. For i = 1 this 
definition gives the result that for most Tk valued sequences, ^, the probability 
that iff —s,k.g ^ is 0. This holds even if \& is Cauchy. For i = 2 the definition of 
<s,k, g does not have the right asymptotic properties. 
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A better definition of =s,k,g is an asymptotic definition. Let 4" and 4"' be 
Bk t g valued sequences. Then 

* =oo,fe, 9 *' «■ f „ Q s 

W3pVj,m > p\(\V(j) -A,*, fl *'(m)U,*, fl ))* <ii, 9 l+,-*>k, 9 - k ' 

This definition is the same as the Cauchy condition of Eg . [Ml except that V?'(m) 
replaces ^(m). This definition says nothing about whether specific elements of 
\& equal the corresponding ones of 4'. It says that the elements of \fr and W 
must approach each other asymptotically. It is easy to show that this definition 
satisfies the requirement for a definition of equality. It is reflexive, symmetric, and 
transitive. 

An asymptotic definition of ordering is given by 

3£3pVj,m > p|*'(j) -A,fc, s *(m)) fc >A,fc, 9 |+,-^)fc. 1 ; 

This is also an asymptotic definition in that it says that W is less than 4'' if 4" is 
asymptotically arithmetically less than <3>' by some fixed amount, |+, This 
definition differs from Eq. [35] in that W is replaced by 3£, there is no arithmetic 
absolute value, and <A,k,g is replaced by >A,k,g ■ 

These definitions can be extended to T^k valued sequences. Let 4 and 4 f/ be 
sequences of this type. Define P*^°|* by, 

p*=oo*' _ \ffn f m I 2 • 

r n,m,l Z-j^,h,s Z^7' ,h' ,s' \ U f,h,sJ 7' ,h' ,s'\ " ^42) 

1(1(7, ^, S) -A,fe, S (7', ^'j s')U,fc, 9 ))fc <A,k,g | + , ~^)fc 



where 



«U. = <7,M|*(»)) 
Zy^H7>',s|*'M). 



(42) 



Here P* m °£* is the probability that \I/(n) and \I/'(m) satisfy the relation in the 
second line of Eq. [1TJ 

Let P*=~*' be the probability that * =00 i- e. that 4 equals 4' 5 
asymptotically. Here P* = °°* is given by 

p*=oo*' _ :„f p*=oo*' 

P*=°°* = limsupp^^P*^ 00 * = limp^o P*^ 00 * (43) 
P*=~*' = limmf^ P*=-*' = lim,^ P* =-*'. 

These equations are similar to those in Eq. [35] because the quantifier setup in Eq. 
I31?l is the same as that for the Cauchy condition in Eq. [M] As was the case before, 
PpT^ is a non decreasing function of p for each £ and P* = * is a non increasing 
function of I. 

A similar result holds for the probability p*< = * that 9 is asymptotically 
less than Eqs. HOI and H2l give 

p*<oo*' _ \ r m frn |2 . 

r n,m,l Lwy,h,s ^-,-y',h',s' \ a ~/,h,s J ~f',h',s' I • (44) 

/i', s') -A,fe,a (l,h,a)) kl g >A,k,g l+>-^)*,a- 
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From Eg . |4"01 one obtains results for p*<°=* that are different from Eg. I4lfl 

p*<oo*' _ :„f p*<oo*' 
r p,i ~ mi Tl . m >p Jr n m j 

Pf<^' = limsup^ P*<~*' = Um^oo P*<~*' (45) 
P*<^.*' = limsup^ 00 P/ < -*' = lim^ 00 P/ < -*'. 

These definitions have some satisfying properties. One is that if VP and are 
Cauchy sequences then exactly one of the following relations is true with proba- 
bility 1 and the other two are false (true with probability 0): 

* =oc.fc. 3 *' 

* <oc,fc, 9 (46) 

* >oc,fc.g *' 

This result follows from the observation that 0, 1 are the only possible values 
for P^R ei fc „*' for Tk valued sequences, provided that if? and W are both 

Cauchy. That is 

* and are Cauchy =>• fWje, = or 1. (47) 

To see this it is sufficient to examine =oc,k, g as the proofs for the other two 
relations are similar. One can rewrite Eq. 2I]in the equivalent form 

p:z7*' = Y. E Kh,s\ 2 \^,a 2 - ( 48 ) 

7,/i,s 7' ,h' ,s' 

The prime on the j',h', s' sum mean that the sum is restricted to states I7', h', s'} 
that are at least as large as \(g, h, s) —a (+, —£)) and no larger than \(g, h, s) +a 
(+,—£)), Since the states "f? and VP' are Cauchy, the distributions |d™ h J 2 and 
\fy h' s'l 2 become increasingly narrow as n, m increase. 

The distributions either lie on top of one another for each i or they do not. 
In the first case, for sufficiently large m, n the restrictions on the 7', h' , s' sum can 
be ignored and lim mjIWOO -P*"^* = 1 for all I. In the second case there is some 
£ for which the state |+,— £) approximately separates the distributions. For this 
and all larger I values, the overlap probability -P n ™°| in Eq. [48] approaches as 
m,n — > co. 

Another useful property of the asymptotic relation =00 is that for each Tk 
valued Cauchy sequence 'J there is a Bk, g valued sequence \f' such that p*==°* — 
1 and Vt' is Cauchy. The definition of and proof that if?' is Cauchy and are 
summarized here. The proof that P* = °°* = 1 ; or that if? =oo if?', will not be 
given as it is similar to that for the Cauchy property of W. 

Define if?'(n) = | 7 „, h n , s n )k,g to be the state that maximizes the probability 
P n *( 7 ',V, S ') where 

||(7,/l ) s)-A,fe, 5 (7 / ,/l / ,S / )U,fc, 9 )fe<A,fc, 9 \+J)k,g- 
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Define Q*^ to be that maximum: 

QZt= P n,l(7n,h n ,S n ). (50) 

Since Q* f > P^iij', h', s'), multiplying both sides by \d™, h , s , | 2 and carrying out 
the sum 22-y>,h',s> S ives 

Qn,£ ^ Pn,mJ- (51) 



Since iff is Cauchy, 

lim Qtj = 1. (52) 

n — >oc 



To show that iff' is Cauchy it is sufficient to prove that lim m:JWOO W m ,n,l — 
where 

W m ,n,t — E 1 ,/i, 8 E 1 ',fi',s' M™, fc.al l^y.h'.s'l ' 

||(7rij ^n> S n ) — A,k,9 (jm,h m ,S m )\A,k,g) > A,k,g \ + , ~ 3fyk,g- 

If the condition is true, then lim m:IWOO W m ,n,e = 1; if it is false, then lim m , n ^ m W m , n ,i 

0. Also | + , -3£)k,g = \ + , -t)k,g +A | + , -f)h,g +A | + , ~t)k,g- 

Define X m , n ,i by 

\\{jn,h n ,s n ) -a (j,h,s)\ A ) +a ||(7: h,s) -a (j',h',s')\ A ) 

+ A\\(j\h',s') -A {l m ,h m ,S m )\ A ) >A | + , -3£)k,g- 

(Subscripts k,g are suppressed here.) Since 

1 1 (7n ! ^ni ^n) A \ fmi ^mi 

<A \\(ln,h n ,s n ) -a (j,h,s)\ A ) +a \\(7,h,s) -a (j' , h' , a') \ A ) , 

+ A \\{l' ,ti ,S r ) -a {lm,h m ,S m )\A) 

one has the result that 

W m>n ,l < X m}Ui £. (53) 

The condition in the definition of X mn j> is satisfied only if at least one of 
the component states is >a |+, —£). If this holds for the first or third component, 
then X m n i < 1 — Q n ,e or X m n f < 1 — Q m .e- If it holds for the second component, 



Eq. 1521 and the fact that iff is Cauchy gives the result that lim m , ra _>oo X m _ n ^ = 
0. It follows from Eq. [53] that lim mj „^oo W m>n ,i = 0. This gives the final result 
that |(7 m , hm, s m ) -a (in, h n , s n )U) <A \+, —I) and thus that iff' is Cauchy. 



3.3 Basic Operations on State Sequences 

The problems requiring the definition of asymptotic relations do not appear to 
be present in the definition of basic relations on the sequences. For Bk, g valued 
sequences iff and iff' one uses Eqs.[7]and[8]to define 0„,s,fc, 9 by 

O v ,sxg^' = © (54) 
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where for v — 1,2,3 and each n, 

6(n) = tf(n) x tf'(n) x *"(n) (55) 

and 

tf"(n) = V(n)O u , A , k , g y'(n). (56) 
The product structure of the elements of 8 allows one to write 

9 = iln$r'<$r" (57) 

as the product of 3 state sequences. 

For v = 4 one division operator, +s,k,g, can be defined as an operator that 
is diagonal in the infinite number of state division operators, S-a,£- One has 

+S,k,g **' = (58) 

where 

tt"(n) = *(n) +A,k,g,n (59) 

Note the subscript n in -J-A,fe,g,w 

Application of this definition to more general J-k valued sequences $ and 
generates a single sequence 9 of entangled states that cannot be represented in 
the product form of Eq. [571 From Eqs. 191 and 1421 one has 

O v , A ,h,g^' = O (60) 

where 

ftlVl = V . V . U™ . I 2 l fn _ . .|2 

(61) 



| 7 , ft, a) |V, ft', s')l(7, ft, s)0,^,fc, 9 (7', ft', «')>• 

As shown, 9 is not a result sequence in the sense that W was. To obtain a 
result sequence one must take the trace over the two initial states for each element 
of 9. This gives a sequence "P* of density operators where 

PiB,-if(ri) = E 7 ,/l, s E 7 ',/l',s' \dy,h,s\ \fj',h',S>\ fQ2) 
X P\(-f,h,s)0„,A,k, g h',h',s>))- 

Inclusion of these sequences into the definitions presented so far requires 
expansion of the material to define the Cauchy condition and asymptotic relations 
for sequences of density operators. Since this has not yet been done, this will be 
left to future work. Also it is not clear if element definitions of O v ^s.k,g, as is done 
in Eq. 1551 are useful here. In any case, one can proceed without these extensions. 
Also the main results are not affected by this lack. 



3.4 Quantum Representation of Real Numbers 

The asymptotic equality relation =00, k,g can be used to define equivalence classes 
of Cauchy sequences. Two sequences VP and ^' are equivalent if and only if they 
are asymptotically equal: 

* = & * =QC . k . a *' (63) 
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It is straightforward to show from the properties of =oc.k.g that = has the right 
properties for a definition of equivalence. 

For each Cauchy sequence 'J let [$] denote the equivalence class containing 
^. As might be guessed, the set of all these equivalence classes is a quantum 
representation of the real numbers. Let Rk y3 denote the set. The subscripts k,g 
indicate that the representation depends on both the base k and the gauge or basis 
choice g. 

As has been seen each class [&] contains many Tk valued sequences and 
at least one Bf-, g valued sequence. From this one concludes that the quantum 
equivalence classes are larger than the classical equivalence classes but that no 
new classes are present. 

The basic relations and operations can be lifted from sequences to the equiv- 
alence classes to define the basic relations and operations for a real number field. 
Let Rei t R t k,g denote the two relations =R,k,g for i = 1 and <R,k,g for £ = 2. Let 
and [\&'] denote two equivalence classes of Cauchy sequences. Then 

[*]i?e i>fljfcjS [*'] «■ >!'/,'<, , ; (64) 

This definition holds for all Tk valued sequences. 

The field operations, Vj R^ tg for v = 1 — 4 (+, x,— ,-=-), can be defined 
on equivalence classes through their definitions on Bk, g valued sequences. Let 
\&, 9', 9" be Cauchy sequences that satisfy Eg s. [541 and [571 Define Vl R t k, g by 

[^]O v ,R,k,g[^] = [*"]■ (65) 

This use of Bk, g valued sequences to define the field operations definition is done 
only because Cauchy sequences of density operators are not included here. Their 
inclusion would allow direct definitions of the field operators for all Cauchy se- 
quences. 

To verify that Rk,g is a representation of the real numbers, one must show 
that Rk, g and the relations, Re^R,k,g, and operations O v ,R,k,g, satisfy the real 
number axioms of a complete ordered field [25]. Some details of this were given 
in [6], so it will not be repeated here. The proof is, in many ways, similar to that 
given for the usual classical Cauchy sequences of rational numbers [2"B] . 

4 Space of Real Number Representations and As- 
sociated Transformations 

As described, the quantum theory representations of real numbers, i?fc. g , depend 
on a base k and a gauge g. Recall that k denotes the dimensionality of the Hilbert 
space of states for each single qk and g denotes a gauge field of basis sets on I x I, 
Eq.HU 

For each pair k, g one has a quantum representation Rk,g of the real num- 
bers. Any pair, Rk.g, Rk' , g > of real number representations are isomorphic as all 
representations of the real numbers (axiomatized by second order axioms) are iso- 
morphic |35j . However this does not mean that they are identical. For instance, 
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Cauchy sequences of qk string states, which are elements of the equivalence classes 
in Rk, g , are distinct from Cauchy sequences of qk> string states, which are elements 
of equivalence classes in Rk',g, as qk and qy systems are different. 

Similarly Bk.g valued sequences 'J of qk string states are different from Bk, g < 
valued sequences. Also the definition of the Cauchy condition, Eq. [5H is both k 
and g dependent. These dependencies can be seen from Eq s . [T5HT51 which show the 
relations between the two basis sets and between the single A-C operators for 
each of the two basis sets. 

These considerations show that the set of all representations Rk. g can be 
regarded as a space of representations parameterized by a two dimensional space 
of all pairs, k,g. Transformations fc,<? — * k',g' induce transformations Rk.g — * 
Rk',g' on the representation space. The components of the transformations on the 
representation space are operators that change bases, Rk,g — * Rk',g, and operators 
that change the gauge, Rk, g — * Rk,g>- 



4.1 Gauge Changing Operators 

Gauge changing operators that act on sequences can be defined from the gauge 
transformations, Uk as defined in Eqs. [T51 and Eq. [HI To achieve this, let \I/ and 
^' be respective Bk, g and Bk, g ' valued sequences where 

= hn, h n , S n ) kl g 
= hn,h n ,S n ) k ,g' ■ 

Define the operator, Uk, by 

*'=W fc * (67) 

where 

\ln, hn, S n )k,g> = U k \jn, K, S n ) k ,g- (68) 

Here g and g 1 are related by 

g' = U k g. (69) 

This shows that the elements of \f ,/ , ^'(n), are the same states, relative to 
the transformed basis as the elements ,^(n), of "J are, relative to the original 
basis. However, relative to the original basis, the states ^f'(n) are different from 
the states ^(n). This can be seen by expanding the states *£'(n) in terms of the 
original basis. 

The definition of Uk extends by linearity to Tk valued sequences. If ^ is such 
a sequence where 

*(n)=5^,Ml-r»M>*,ff. (70) 
then is related to ^ by Eq. [67l where 

*'(«) = X)d? )M |7>MW (71) 

Note the replacement of g by g' on the right hand side. 
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The definition of U k can be lifted to apply to equivalence classes of Cauchy 
sequences to relate R k}9 to Rk,g' as in Rk,g' = UkRk,g- The validity of this depends 
on the preservation of the Cauchy property under the action of U k - That is, if \P 
is a g-Cauchy sequence, then vp' = Uk^ is a g'— Cauchy sequence^ To show that 
this is the case one has to define the g'-Cauchy condition relative to the basis 
states in B k>g . This is 

WGpWj,m >p\(\Uk( r yj,hj,s j ) -A,k, g > U k (j m , h m , s m )\ A ,k,g')) k, g ' 

<A, k , g 'U k \+,-e) k>g . [<Z) 

Here U k \^j^hj,Sj) kjB = \jj,hj,Sj) k , g/ , <A,k, g ' = U k <A,k, g U\, and ~A,k,g' = 
U k x U k x U k —A.k.g Ut xUt. It is a straightforward exercise to show that, for this 
definition, the Cauchy property is preserved under the action of U k . 

The definition of U k shows that these operators form a group of transfor- 
mations. If U k and U' k are gauge transformations, for Cauchy sequences, or for 
equivalence classes in R k , g , then so is their product U k U' k . Also each U k has an 
inverse U^ 1 . The group property follows from the fact that the U k , on which the 
U k are based, are products of elements of the unitary group U(k). 



4.2 Base Changing Operators 

One would like to describe the base changing transformations for Cauchy sequences 
by lifting the base changing transformations W k i, k for the q k string states to trans- 
formations on the Cauchy sequences. One first thinks of doing this by defining an 
operator W k >,k on B k:9 valued sequences <I>. One would set 

*' = W fc <, fe *. (73) 

Here \f' is a B k > l9 valued sequence such that for each n 

= |7n, K, s' n ) k ',g = Wk'M^hn, S n ) k ,g = Wfc',fc*(n) (74) 

The problem with this definition is that the domain and range of W k ' tk de- 
pend on the relation of the prime factors of k and k' . If k and k' are relatively 
prime, then this definition fails as W k ' jk is not defined on any of the non integer 
states. 

One way around this impasse is to generalize the definition of W k > <k to oper- 
ators Wk',k,t f° r different nonnegative integers £. Here 

|7n, h n , s' n )k',g = Wk',k,i\7n) h n , S n )k,g (75) 

is a base k' state that represents the same number as the base k state |7„, h n , s n } ktg 
up to accuracy |+, — £) k / >g ,. This removes the problem because, for each £, W k i >k> £ 
is defined on all q k string states in T k . Also W k >. k .£ = W k ' ik on the integer state 
subspace of T k . 

10 The g'— Cauchy condition is given by Eg. I34l with the subscript g' replacing g. 
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The desired definition of WV.fc is that it be an isomorphism from Rk l9 to 
Rk', g - This is equivalent to requiring that Wk>,k^ belongs to the equivalence class 
in Rk',g that represents the same number as the equivalence class in Rk,g that 
contains $ . A proposed method of achieving this is by a definition that is diagonal 
in n and in £. 

To this end one defines WV.fc by replacing Wy,k with Wk',k,n in Eq. [741 to 

vEf'(n) = \ jn,h n ,s' n )k>, g = Wk' ,k,nhn,h n , S n ) k ,g = Wk' : k,n^(n). (76) 

The operator Wk\k must satisfy two properties: The sequence \I> = Wk',k^ 
must be Cauchy if <3> is Cauchy, and the two sequences, 'J' in Rk'.g and W in 
Rk,g, must represent the same real number. (Here and in the following, Cauchy 
sequences will often be stand ins for equivalence classes of the sequences.) An 
equivalent requirement is that Wk'.k is an isomorphism from Rk.g to Rk>,g- It 
preserves the basic field relations of equality and ordering and the operations of 
addition, multiplication and their inverses. 

5 Quantum Representations of Complex Numbers 

The simplest path to descriptions of quantum representations of complex num- 
bers is their representation as ordered pairs of real number representations. If 
[&] and represent two quantum real numbers, then ([W], [W]) represents a 
quantum complex number where = [\t] r and = represent the real 
and imaginary components. The basic field relations =R t k,g, <Rk g and operations 
+R,k, g , Xfl,fc, 9 , ~R,k,g, +R,k, g would be extended to relations =c,k,g, <c,k, g and op- 
erations +c,k, g , Xc,k,g,-c,k,g,+c,k, g following the standard rules. 

The rest of this section can be skipped over by readers using the above def- 
initions. The following development is based on the observation that all physical 
representations of complex numbers, such as in computations, are by ordered pairs 
of single string representations of rational numbers. This corresponds here to ex- 
tending the treatment of rational number representations, as states of qk strings, 
to ordered pairs of states of qk strings. These represent the real and imaginary 
components of complex rational numbers. Application of the Cauchy condition 
separately to the real and imaginary components gives a description of Cauchy 
sequences of complex rational number representations. This gives quantum repre- 
sentations of complex numbers as equivalence classes of these Cauchy sequences. 

One way to proceed is to continue working with one type of qukit but increase 
the number of sign qubit types from one to two0. The two qubit types are rep- 
resented by A-C operators h , d\ h and their complex conjugates. Here h 

and tig Q h represent sign creation operators for the real and imaginary number 
components where 7 = +, — and 5 = +i, —i at site 0, b! 

Complex rational numbers are represented here by pairs of qukit string states, 
I ft, 7, s; ft', 6, t)k.g, with different ft values. In terms of A-C operators one has 

\h,j,s;hi,S,t) k ,g = c^ i o ) h(o t )f(j i h) i(u , h ) ] ;«4 t o,fci( at )[(!',fci),(t.',fc 1 )]l >- ( 77 ) 

11 This differs from the approach in [6] which uses two types of qukits and qubits. 
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The state |0) denotes the qukit vacuum and 0, h and 0, hi denote the locations of 
the sign qubits. As before [(/, h), (u, ft)] and [(/', fti), (u' , hi)] denote lattice intervals 
where l< < u and /' < < u'. Also 



^[(l,h),(u,h)] ® J s(u).u 1 h® J s(u—l),u~l,h ®s(l),l,h f*7Q\ 

(oty -„t ' t ...J v*) 

y a /[(i',/n),(u',hi)] — u t(u'),u',h 1 u t(u'-l),u'-l,h 1 t(l'),(l' M) 



where s and t are 0, • • • , k — 1 valued functions with integer interval domains [I, u] 
and [l',u'} respectively. The subscript g denotes the implicit gauge choice for the 
qj. string states at each site oi I x I. 

A consequence of this representation is that if one has many pairs of string 
states, they are expressed in the A-C formalism as one long string of creation 
operators acting on |0). One then needs a method of determining the association 
between the imaginary and real strings. One of the different ways to do this is to 
describe the pairs as those in which h is close or next to hi. Here some method 
will be assumed implicitly as which one is used does not affect the results obtained 
in this paper. 

The definitions of arithmetic relations and operations given for states of qk 
strings can be easily extended to states of pairs of qk strings following the usual 
arithmetic rules for operations on complex numbers. For arithmetic equality one 
has 

\h,7,s;hi,~/i,t) k ,g = c ,k,9 \h', r f,s',h' 1 ,y i ,l/}k,g 

7, s )k,g =r,k,g W , 7', s') k ,g (79) 

and |fti,7i,t)fe, g =i,k,g l^'i, 7i> *')fe,s)- 

Ordering relations are usually not considered because they are only partly defined 
(complex numbers cannot be ordered). The c, r, i in the subscripts denote complex, 
real, and imaginary, respectively. 

For the operations let O c ,k, g be a unitary operator denoting any of the four 
operations + c ,k,g,Xc,k,g,—c,k,g,-^c,k,g,e- The action of any of these on complex 
rational states can be represented by 



6 c .k,g\h, 7, s; hi, S, t)k, g \h', 7', s'; h[, 6', t) k , g 

= \h, 7, s; h u S, t) k Jh>, 7', s'; h'i,S', t') k Jh", 7", , 3"; h'{, 8", «">*„ 



(80) 



where 

\h",j",s";h'{,6",t")k, g =c,k,g \(h,i, 8 ;h u 5,t)O cXg (h\>/,a?-,h , 1 ,6 , ,1?)) k , g . (81) 

The expression \(h,j, s; hi, S,t)O c .k, g {h' ,7' , s'; h' l7 S' ,t'))k, g with O inside | — ,— ) 
represents the rational string state resulting from carrying out the operation O c ,fe,s- 
Unitarity is satisfied by preserving the two input states and creating a result state. 

The arithmetic operations create entangled states when applied to linear 
superpositions of the basis states. One has 

Oc,k,gW = T,h,-y,s,h 1 ,6,t T,h>,Y,s',h' 1 ,5>,t> fc > 9(K 7, hi, 5, t\lp) 

xfc, g { h', i, s'; h[,S', t'\^)\h, 7, a; h u S, t) k , g \h', 7', s'; h[,6', t') k , g (82) 
x I (ft, 7, s; hi, 6, t)0 Cik ,g(h', 7', s'; h'^5', t')) k , g - 
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Taking the trace over the i/j and ip' component states gives a mixed state 



x\(ti, i, s'; h[,S', t'W)\ 2 p (Kl ^. hu5 ^ )0 ^ kg{hl ^,^. h ^ 5 ^ tl) 



(83) 



that represents the result of the operation. 

Determination of the exact form of the state 7", s"; h", 5", t")k, g from 
Eq. [ST] for the different arithmetic operations is somewhat lengthy, but straight- 
forward. It involves translation of the usual rules for implementation of arithmetic 
operations on complex numbers into those on quantum states. For example, for 
multiplication one uses the relations 

d \,o,h x d y,o,h' = 4",0,ft" where 7" = +' H if ^ ¥= HV 
i,o.h x <',o,V = d \»fi,h» where 7" = 7', [7' * 7"] if 7 = +[7 = -] (84) 



c. 



x c \>o,h> = c l",0,h" where 7" = +, [-] if 7 = l'h ^ 7']- 



7,0,h 7',0,h' ~~ 7",0,ft. 

Quantum representations of complex numbers are based on application of the 
Cauchy condition to the real and imaginary components separately of a sequence 
of states of qk string pairs. The sequence 4" where \P(n) = \h n ,^ n , s n ]h' n , S n ,t n )k, g 
of states is a Cauchy sequence if the following is satisfied: 

W3pVj,m > p\\(hj,jj, sj) - r ,k,g {h rm 'Ymi Sm)\r,k,g) k,g ^r,k,g ^)k,g /qc\ 

and \\{h'ji5j,tj) —i^k,g {h' m ,8 m ,t m )\i^,g)k,g <r,k,g \ + ,—£)k,g- 

Here |+, —£)k,g is the state corresponding to the number k~ e . 

Extension of the Cauchy condition to sequences of linear superpositions of 
complex rational string states is similar to that for sequences of superpositions of 
real rational states. Such a sequence is Cauchy if the probability is unity that both 
the real and imaginary components satisfy the Cauchy condition. 

The definition of equivalence for the real number representations extends 
here to complex number representations. Two Cauchy sequences "J and W are 
equivalent if the real and imaginary components of \& and W are asymptotically 
equal. Let and be Bk, g valued sequences where for each n 

= \h n , 7„, s n ; hi }U , 5 n ,t n )k,g 

y>'(n) = \h' V s'-h', 5' t' W ^ ' 

* \">ni <n> °n> "l,n> "n> L n/k,g- 

Then 

* =oo,s,fe, 9 if WBpVj, m > p 

\\( h 3>ntj, s j) ~r,k,g (h' m ^L' s 'm)\r,k,g)k,g <r,k,g \+,-Z\)k,g and (87) 
\\(hl,j,Sj,tj) -i,h,g ( h 'l. m , S ' m ^'m)U,k,g)k : g <r,k,g | + , ~f\)k,g- 

From this definition one haj^l 

* = *' if * =oo,S,fc, S 



12 It is easy to see that this definition of = has the necessary properties of symmetry, refiexivity, 
and transitivity. These follow from the corresponding properties of =oo,S,fc,ff • 
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The set Ck, g of complex numbers is denned to be the set of equivalence classes 
[v?] where \& is a Cauchy sequence of q^qk^q^Qk string pairs. Here q\ and q\ denote 
the real and imaginary sign qubits. As was the case for Rk,g, each equivalence class 
is larger than the corresponding classical equivalence class, but there are no new 
equivalence classes. This follows from the observation that each class contains at 
least one Bk, g valued sequence. 

The basic field relation =c,fe,g is defined by 

[*] =C,k,g [*'] if * = eo,S,k.g & (89) 

The operations +c.k.g, —C,k,gi x c,k,g^c,k,g, are defined in a similar fashion. For 
Bk.g valued Cauchy sequences one has expressions similar to Eqs.[S3]et seq: 

Ou,C,k,g[V] = [*][*'][*"] (90) 

Here O u c,k g with v — 1, 2, 3, 4 is a stand in for the four operations. For v = 1, 2, 3 
the class [\f "] contains all Cauchy sequences asymptotically equal to \E'" where 

*"(n) = |*(n)O v , Clfcjfl * / (n))fc l9 . (91) 

For v = 4, (+c.k.g) one has a diagonal definition similar to Eq. I5 ( JP1 : 

*"(n) = + c ,k, g ,n *»>*,,. (92) 

As is the case for real number representations, these relations and operations 
extend to Tu valued Cauchy sequences. Details will not be given here as they are 
an extension of those for the real number representations. 



6 Fields of Quantum Reference Frames 

At this point it is good to step back and view some consequences of the existence of 
the many different representations of R and C. All physical theories considered to 
date, and many mathematical theories, can be regarded as theories that are based 
on the real and complex numbers. Included are quantum and classical mechan- 
ics, quantum field theory, QED, QCD, special and general relativity, and string 
theory. It follows that for each representation Rk, g , Ck.g of R and C one has a cor- 
responding representation of physical theories as mathematical structures based 

on Rk,g, Ck,g 

13 The specific definitions of these operations follows those for complex numbers. As ex- 
amples, for multiplication, if 3f(n) = \h n , 7„, s n ; h± yn , 8 n , tn)fc, 9 = \z,iy) and \I/'(n) = 
\ h 'nn' n ,s' n ;h' l n ,5' n ,t' n ) k , g = \x',iy'), then 

#"00 = I (a y-r,k,g x') ~r,k,g (V ><i,k, a v')] 
O Xi,fc, 9 V') +i,k,g (x' Xi,k,g V))k,g- 

Division to accuracy n of \x,y) by \x',y') is done by carrying out the division to accuracy n 
indicated by 

\ x " ,y") = \[Re,Im] + Ci k, a ,n (x x x') + (y' X y')) 
where Re = x X x' + y X y' and Im = x' X y — x X y' . 
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The large number of theories based on R, C suggests that one associate a 
reference frame Fk t9 with each R,C representation, Rk, g ,Ck, g - Here Rk, g ,Ck. g is 
referred to as the base of frame The frame Fk >g contains representations of 
all physical theories that are representable as structures based on Rk, gi Ck, g - 

The large number of real and complex number representations and associated 
reference frames suggests that one define a frame field F over the two dimensional 
parameter space {k,g}. The components of F, as a map from {k,g} to a set of 
reference frames, are the frames Fk, g at each value k, g. Note that the parameter g is 
unique to quantum theory representations as it is not applicable to representations 
based on states of classical kit strings. However, the parameter k is common to 
both qukit and kit string representations. 

This construction is shown schematically in Figure Q] for three of the infinite 
number of values of k,g. This is shown by solid arrows coming from the parent 
frame Fr.c to three of the infinitely many descendent frames. 




Figure 1: Schematic illustration of frames coming from frame Fr,c- The frames 
are based on quantum representations of real and complex numbers in Fr^c- The 
distinct vertical lines in the k, g plane denote the discreteness of the integral values 
of k > 2. Only three of the infinitely many frames coming from Fu t c are shown. 
Here k denotes the qukit base and g denotes a gauge or basis choice. 

This use of reference frames has much in common with other uses of reference 
frames in physics and particularly in quantum theory [27l [28J [30l [HI [32l [33] . In 
special relativity, inertial coordinate systems define reference frames for describing 
physical dynamics. In quantum cryptography, Alice and Bob pick a polarization 
direction to define a reference frame for sending messages encoded in qubit string 
states. Here each reference frame carries representations of all physical theories as 
mathematical structures based on the real and complex number base of the frame. 
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It is of interest to examine what observers can and cannot see in the different 
frames. To begin it is assumed that an observer Or in the parent frame Fr^c 
regards the real and complex numbers in the frame base as elementary objects. 
The only relevant properties they have are those required by the relevant axioms 
for R and This assumption is based on the prevalent view taken by physics so 
far of the nature of real and complex numbers, that they are elementary objects. 
The only properties of these objects that physics cares about are those derivable 
from the relevant axioms. 

The quantum theory representations of real and complex numbers described 
here suggest that Or sees that Rk, g and Ck, g , as equivalence classes of Cauchy 
sequence of states of qk strings, represent real and complex numbers. Or also sees 
that Rk,g arid Cfc jS , can serve as the base of a frame Fk jg containing representations 
of physical theories as mathematical structures based on Rk, g ,Ck, g - 

Symmetry considerations suggest that an observer Ok, g , in each frame, Fk, g , 
has the same view relative to Fk, g as Or does relative to the frame Fr^c- Thus Ok, g 
sees Rk, g , Ck, g as elementary, structures whose only relevant properties are those 
derivable from the relevant axiom sets. The structure of the elements of Rk, g ,Ck, g , 
as equivalence classes of Cauchy sequences, seen by Or, are not visible to Ofc, ff - 
Also the construction, in F Rt c, of representations, Rk. g ,Ck, g , can be repeated in 
Fk. g to obtain representations R2,k',g'i C^.fe'.g'- Here 2 is the iteration stage. This 
is visible to an observer Ok. g in F k , g . The construction in F k , g is possible because 
Fk_ g contains representations of physical theories, including quantum theory, as 
structures based on Rk, g , Ck. g - 

It follows that this construction can be iterated to obtain frames emanating 
from frames. The iteration or stage number provides a third dimension to the 
frame field where for each number j, Fj^, g denotes a frame at stage j. 

There are several different iteration types to consider: a finite number of 
iterations, a one way infinite number, a two way infinite number, and a finite 
cyclic iteration. All these types are mathematically possible. They must all be 
considered as there is no a priori reason to choose one type over another. The 
different types are illustrated schematically in figures [2] -|U 

Figure [3 shows the frame field for a finite number, n, of iterations. The 
iteration paths shown represent two out of an infinite number of paths. Each path 
segment, shown by an arrow, stands for a quantum theory representation of real 
and complex numbers described in the frame at the arrow tail. The frame at the 
arrow head is based on the described quantum theory representation. The iteration 
direction is shown by the arrows. 

Figs. [1] and [5] show the existence of a fixed frame which is an ancestor for 
all the frames in the field. This is the case even if n is extended to infinity in 
Fig. [5] to give a one way infinite iteration. Here, too, there is a fixed elementary 
representation of the real and complex numbers that is external to the whole field. 

The two way infinite and cyclic iterations shown in Figs. [3] and 0] are different 
in this respect. There is no representation of the real and complex numbers that 
is external for the whole frame field. All are inside some frame as each frame has 

14 The axioms for real and complex numbers are respectively those describing a complete, 
ordered field 36 and an algebraically closed field of characteristic |37l . 
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Figure 2: Schematic illustration of a finite number n of frame generations coming 
from frame -Fr,c- The stage number is given at the top. The direction of the 
iterations are shown by the solid connected arrows showing sample iteration paths 
from Fr^c through the k,g planes and ending at the nth plane. The horizontal 
dashed lines at the right end indicate that in the case of a one-way infinite number 
of iterations there is no terminal stage n for any finite n. See Fig. [1] caption for 
more details. 

parent frames. There is no common ancestor frame. 

The path shown in Figure [4] for cyclic iterations is an example of a path 
with winding number 1 in that it comes to its starting point in one turn around 
the iteration cylinder. One can, in principle at least have paths with finite winding 
numbers or even infinite winding numbers in that they never return to the starting 
point. One hopes to study in the future these types of paths and their dependence 
on the number of iterations. 

The schematic nature of these figures is to be emphasized. Besides showing 
that two dimensions of the three dimensional frame field are discrete and one, the 
gauge dimension, is continuous, they are very useful to show what an observer 
sees in each frame as well as to illustrate the relation between frames in different 
generations. They are also illustrations of the different iterations that are math- 
ematically possible. Which of the cases is relevant to physics will have to await 
more work. 

The relations between the observers in different frames, described for Fig. [U 
is easily extended to multiple iteration stages shown in the other figures. Observers 
in each frame have in common the property that they can see down the field in 
the direction of the iterations. That is they can see all their descendent frames, 
but they cannot see any ancestor frames. They also cannot see any other frame 
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Figure 3: Schematic illustration of a two way infinite number of iterations. Here 
there is no common ancestral frame as all frames have parent frames and descen- 
dant frames. The stage number is given at the top. The direction of the iterations 
are shown by the solid connected arrows showing a possible path from one stage 
to the next with no beginning or end. 

at the same iteration stage. By "see frames and their relations" is meant that an 
observer Oj^, g in frame Fj,k,g can show the presence of the 2 dimensional frame 
field Fj + i : {k, g} — > {i^+i^.g}. This is what most of this paper has shown. Oj : k, g 
can also shift the derivation by one or more iteration stages to stage j + 2, j + 3 
frames, etc. Oj & g can also see that the R, C representations in these descendent 
frames have structure as equivalence classes of Cauchy sequences of (pairs of, for 
C) finite qi~ string states. 

However Oj t k, g cannot describe either ancestor frames or other stage j frames. 
Doing so requires awareness of the real and complex number base of a parent frame. 
These are not available as they are outside of Fj.k, g - 

It is also clear that no observer in a frame can see the whole frame field. This 
view is reserved for an observer outside the whole fields An observer, Or.c, in a 
common ancestor frame -Fr.c can see the whole descendent frame field structure. 
However Or^c cannot tell if there are one or more ancestor stages above. 

In many ways this is like the bird (outside the system) and frog (inside the 
system) views used [9] by Tegmarlf^l In effect one has here a hierarchy of bird 

15 Here it is assumed that any reader of this paper is outside the whole frame field. Whether 
this needs to be revised or not must await further work. 

16 These concepts also play a role in mathematical logic in discussions of "absoluteness", i.e. 
whether or not properties of systems in a model of a set of axioms are preserved when one moves 
from a view inside the model to one outside the model. [38] 
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Iteration direction 




Figure 4: Schematic illustration of a cyclic iteration scheme for a finite number (8) 
of iterations. There is no common ancestral frame as all frames have parent frames 
and descendent frames. The stage number is given at the top. The direction of the 
iterations are shown by the solid connected arrows showing a possible cyclic path. 
To avoid clutter, the three g, k planes in the back have been suppressed. 



and frog views. An observer, Oj t k, g , in a frame, Fj^, g has a frog view of fj,fc, s and 
of the theories in i*j,fc, s - Oj.k, g sees the real and complex number base, Rj,k, g ,Cj t k, g 
as elementary. The only relevant properties they have are those derived from the 
relevant set of axioms. However, Oj t k, g has a birds view of all descendent frames 
in that the relations between all descendent frames are visible. 

Cyclic frame iterations present a different situation in that descendant frames 
are also ancestor frames. Because of this one may have to relax the stipulation that 
an observer cannot see an ancestor frame. Details of exactly how this would occur 
are not known at present. 

The iteration paths illustrated in the figures give a good representation of 
what observers in different frames can and cannot see. Each path is a "visibility" 
path for each frame on the path. If Fj^. g is on a path, then any frame fj',fc', g ' 
with j' > j on the path is a descendent frame and is visible from Fj t k, g - Frames 
Fj>,k', g > with j' < j are not visible from Fj^, g (except possibly in the cyclic case). 
The totality of frame visibility from Fj^, g is then given by the descendant frames 
in all paths passing through Fj^, g - 

The presence of a three dimensional frame field shows that quantum theory 
representations have two additional dimensions for the frame field that are not 
present in classical representations based on kit strings. One is the presence of the 
freedom of gauge or basis choice. The other is based on the fact that quantum 
theory, in common with other physical theories, is a theory based on the real 
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and complex numbers. The relevant point here is that states of finite strings of 
qukits are elements of a Fock space which is itself based on the real and complex 
numbers. This also applies to the states of individual qk which are elements of a A; 
dimensional Hilbert space. Both these spaces are vector spaces over the complex 
field C. 

7 Integration with Physics 

The main problem confronting this work is how to integrate quantum represen- 
tations of real and complex numbers and fields of iterated reference frames with 
physics. This relationship would be expected to be an important part of any ap- 
proach to a coherent theory of physics and mathematics [H [5] , or to any general 
theory in which physical and mathematical systems are closely related [H] . In par- 
ticular one may hope that elucidation of this relationship will provide a good 
foundation to theoretical physics. It also may help to decide which of the different 
competing theories of quantum gravity, such as loop quantum gravity [40] and 
string theory [IT], is correct. 

7.1 Simple Relations to Physics 

There are some simple ways the work presented here is related to physics. They 
are called simple only because it is not clear if they would influence the properties 
of physical theories or affect physics. 

One of these, which was noted earlier, is that the choice of number represen- 
tations as states of single finite qk strings is based on the universality of quantum 
mechanics as a description of physical systems. Also influencing the choice is the 
fact that all physical representations of numbers are as states of finite strings of 
physical systems. 

The important role that real and complex numbers have in physics should 
also be stressed. All theoretical predictions of physical properties of systems are 
in the form of real numbers as values of physical properties. Also dimensionless 
constants are presumed to be real numbers. Complex numbers occur as expansion 
coefficients of superposition states of physical systems and as elements in matrix 
representations of operators. 

Translation of this into the frame field described here has consequences of 
how the numbers used by physical theories in a frame are seen by observers in 
different frames. For example an observer Oj,k,g in frame Fj t k, g sees the real and 
complex numbers, Rj.k, g , Cj.k, g , as external featureless objects with no properties 
other than those derived from the real and complex number axioms. Any other 
properties they may have are not visible to Oj,fe, 9 . 

It follows that, from O'j k g s viewpoint, all values of physical quantities de- 
scribed or predicted by physical theory representations, as mathematical struc- 
tures based on Rj,k,g, Cj,k,g have the same property to Oj,fc, 9 . This applies to both 
dimensionless physical quantities such as the fine structure constant and dimen- 
sioned quantities such as values of spatial position, distance, momentum, energy, 
all elements of the spectrum of observables, values of the metric tensor g^.u, etc. 
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However an observer Oj'^',g' in a parent frame Fj>,k',g' where j' = j — 1 sees 
all elements of Rj,k,g as equivalence classes of states of finite q k strings. As a result 
Oj',k',g' a l so sees that all physical quantities described by theories in Fj t k, g are 
equivalence classes of Cauchy sequences of qk string states. To summarize, what 
Oj t k,g sees as elementary featureless objects, are seen by Of t k',g> as equivalence 
classes of Cauchy sequences of states of qk strings. 

The same holds for representations of all complex valued physical quantities, 
such as elements of matrices representing physical transformations, and quantum 
state expansion coefficients. These quantities in frame Fj_k. g are seen by Of,fc',g' 
in Fj' t k',g> as equivalence classes of pairs of qukit string states. 

In general, all these results on how the values of physical quantities are seen 
depends on the relation between the frame containing the representations of these 
quantities and the viewing frame of an observer. They all follow from the obser- 
vations that in each frame all physical theories are represented as mathematical 
structures based on the real and complex number base of the frame. How these 
numbers are seen depends on the relation between the frame based on these num- 
bers and the viewing frame. 

Because of much interest in quantum gravity and associated structure of 
space and time |39j . it is worthwhile to consider how a representation of space 
time and its properties in one frame are viewed from a parent frame. As would be 
expected, real number values of all physical properties of space and time, which 
are featureless and elementary in one frame, are viewed as equivalence classes of 
Cauchy sequences of states of finite qk strings from a parent frame. This applies to 
distances, angles, coordinate positions, and to values of the metric tensor g^. y {x). 
It also applies to matrix representations of space time transformations from one 
inertial frame to another. 

In addition, if one regards the points of the space time manifold as A — tuples, 
i? 4 , of the real numbers, then the same arguments hold. In this case an observer 
in frame Fj t k, g sees the points of his own space time manifold, Rj k as 4 — tuples 
of elementary, featureless points whereas an observer Oj> f.',g< in a parent frame 
Fj',k',g' sees the points of Rj kg as 4 — tuples of equivalence classes of Cauchy 
sequences of qk string states. To Oj',fc',g' the space time points in Fj^, g are not 
featureless as they have structure. 

This description of how observers describe space time representations in dif- 
ferent frames is valid only if one describes the space time manifold as a 4-tuple of 
real numbers. For other descriptions, such as discrete space times or space time 

foams [!2|43jimim|46l|47ll^] or s P ace represented by spin networks [40], it is 
not clear if a similar description applies that is based on the relation between the 
viewing and representation frames. 

Another aspect of integrating the frame field with physics is that there is no 
hint of the frame field structure in the properties of the observed physical universe. 
This suggests that one should perhaps find some way to collapse the field structure, 
or at least make the different reference frames appear to be "the same" in some 
sense. This suggests that one should require that the physical properties of systems 
represented by frame field elements are frame invariant. That is, they are invariant 
under transformations from one frame to another. 
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One step in this direction is to require that the field structure be such that all 
frames are equivalent. This would restrict the iteration types to the two way infinite 
and finite circular ones as they do not have an ancestor frame that is different (from 
the viewpoint of outside the frame field) from the other reference frames. It also 
seems appropriate to restrict consideration to the finite cyclic iteration field type, 
as one way to move toward frame invariance is to reduce the size of the frame field. 

The ultimate step in this direction is to reduce the number of iteration stages 
in a cycle to just one. Whether this is possible or not will have to await future 
work. 

Another approach to reduce the frame field is to eliminate the gauge dimen- 
sion entirely by requiring the states of the individual qk to be invariant under 
any basis change. This can be achieved by letting the and 1 states of each qk 
be represented by different irreducible representations of the gauge group SU(k). 
One method [31] |49l [50] involves constructing new qukits from the old ones by 
reducing the product SU(k) x SU(k) into a sum of irreducible representations and 
choosing any two representations to represent the 0, 1 states of each new qk- 

Another method [101 [H] uses transformations on the SU (fc) group mani- 
fold to construct irreducible representations of the group that are invariant under 
the transformations. In essence this is the method used to construct angular mo- 
mentum state subspaces labeled by different values of L that are invariant under 
rotations as transformations on 50(3). 

7.2 Speculative Approaches to Integration with Physics 

So far the approaches to integrating the frame field and quantum representations 
of real and complex numbers with physics are rather superficial. They do not 
represent a real integration that treats both physical and mathematical systems 
together in a coherent way. 

How one does this is quite open at present. However one may speculate about 
various methods to achieve this. One possible way is based on noting that, as 
units of quantum information, the qukits be considered to be fundamental objects 
that can represent either components of numbers or physical systems. Whether it 
represents a number component (digit) or a physical system would depend on how 
it is viewed. 

The details of this would have to be worked out to see if it has merit. However, 
it is worth noting that this type of dependence already occurs elsewhere in physics, 
such as the wave-particle and other types of duality. Also the suggestion that one 
consider the prime number qukits as elementary and the others as composites, may 
fit in here. In particular the observation is intriguing that, if the prime numbers p 
are related to particle spin by p — 2s + 1, there is just one fermion for s = 1/2; all 
the rest are bosons. 

Another approach to constructing a coherent integration with physics is based 
on the observation that physical theory representations have been inserted into 
each frame of a completed frame field as mathematical structures based on the 
real and complex number base of the frame. Instead one may consider involving 
physical theories in the process of constructing Cauchy sequences, their use to 



35 



represent real and complex numbers, and in properties of the frame field. 

In this way physical theories may have input into constructing their real 
and complex number bases and, conversely, the process of constructing sequences 
and imposing the Cauchy condition may influence the properties of the physical 
theories whose base is being constructed. It is even possible that the restrictions 
imposed by this interlocking process may influence the physical predictions that 
the theories can make. 

It would seem that this approach might be most fruitful in applying it to the 
cyclic frame fields and possibly those with a very few elements in a cycle. One may 
speculate that the process of closing the cyclic fields imposes restrictions on the 
physical theories and numbers involved that influences the values of fundamental 
constants in the theories or predicted values of physical quantities. 

Another approach to integrating this work with physics is based on the pos- 
sible representation of a sequence $ as a Bk, g or, more generally, as an Tk valued 
quantum field on the nonnegative integers. Then the states of the field at each 
n are given by ^>(n). Attention is then restricted to those fields that satisfy the 
Cauchy condition, i.e. the Cauchy fields. 

As was seen, one of the degrees of freedom in representing these fields is the 
freedom of gauge or basis choice. Changes in gauge arc implemented by gauge 
transformations acting on the fields as shown in Eq. [(571 or — ■ 

This raises the possibility of using the well developed techniques of gauge 
theories for these fields. For example, one requires that the axioms for the type 
of numbers being described must be invariant under any gauge transformation. 
Yet it is clear from their expression in any particular gauge that their expressions 
transform covariantly under any gauge transformation. The same holds for the 
expression of the Cauchy condition. This is, ultimately, a consequence of the gauge 
dependence shown in Eqs. 1251 and 1271 

One should note that the invariance of the axioms of number theories under 
gauge transformations also applies to the axioms for any physical theory. The 
importance of this is stems from the fact that all physical theories have axioms, 
whether they are implicit or explicitly stated. Without axioms, theories are empty 
as nothing can be derived or predicted. 

For the gauge theory approach one can ask if there is any way to express 
an action or type of LaGrangian whose invariance under gauge transformations 
expresses the invariance of the axioms for numbers and for physical theories. If 
so it may be one way to work towards integrating the results obtained here with 
physics. 

There is an intriguing connection of this approach to the standard model in 
physics [52 , 53J . This model is a gauge theory where invariance of the LaGrangian 
under gauge transformations requires the introduction of fields for the electromag- 
netic, weak, and strong forces. The invariance is under all gauge transformations 
in the group 17(1) x SU{2) x SU(3). 

The connection of the standard model to the gauge theory approach to ax- 
iom invariance noted above is based on the earlier suggestion that prime number 
qukits (those whose base k is a prime number) are elementary and the others are 
composites. Here invariance is under all gauge transformations in U{1) x SU(2) x 
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SU (3) x SU(5) x • • • . The first three groups in the product are the same as those for 
the standard model. Whether or not the product of groups SU(p) has to include 
components for all prime numbers or can be cut off is not known at present. 

It is not clear if this, or any other speculative approach, will work out. How- 
ever, these possibilities indicate that there is much work needed to integrate quan- 
tum theory representations of numbers and the resulting frame field with physics. 

8 Discussion 

There are some other aspects of this work that should be noted. One is that 
representation of gauge transformations by one continuous dimension of the frame 
fields, as in Figs.[T][4l is purely schematic. Nothing is implied about what it means 
for one gauge g to be close to or far away from another. Indeed it may not be 
useful or even possible to assign a distance measure to the set of gauges F1 

In this connection one should note that the choice of basis sets Bk, g and Bk>, g 
in the spaces Tk and is completely arbitrary^ There is no way to determine 
if the g for the qk> strings is the same or different than the g for the qk strings. 

This is different from the usual situation in physics. There one has an external 
reference field or frame that can be used to define what it means for a basis of 
fc dimensional systems to be the same or different from a basis of k' dimensional 
systems. Here no such field or common reference frame is present. 

In spite of this the two basis sets can be connected by the base changing 
operator Wy ,k defined earlier. Recall that if the state I7, h, s)k, g is in the domain 
of Wk>,h, then the state I7, h, s')k,g = Wk>,k\j, h, s)k,g represents the same number 
in base k' as I7, h, s)k, g does in base k. 

This shows that one can proceed in two ways: Arbitrarily choose both Bk, g 
and Bft' lS and define Wy,k to be a map from Bk, g to By, g - Alternatively choose 
Bk, g and a definition of Wy,k and let Bk>, g be the range set of Wk',k- 

These methods work only if k and k' have the same prime factors. If this 
is not the case, one can extend the definition of Wk',k by use of definitions to 
accuracy £, much as was done for the division operator. 

There is another quantum theory representation of real and complex numbers 
that is based on operators instead of sequences of states of qk strings. To define 
these operators one replaces the natural number domain of sequences ^ by states 
of finite qk strings that represent natural numbers. In this way the sequences "3/ 
become quantum operators O where 

9(n) = 0\+,h,n) k , g . (93) 

Here |+, h, n)k, g denotes a qukit string state |+, h, s)k. g in Bk, g that represents the 
number n in base Note that Eq. [93] holds irrespective of whether 'J is a Bk l3 

17 Recall that each g is a function from I X / to a basis set for a k dimensional Hilbert space 
associated with each element of I X I. 

18 Sfe 9 and Sy g are each a set of states of all finite tuples of states of finite length qukit strings 
for bases k and k' . 

19 Here for simplicity, |+, h, s)fc l9 is assumed to be a state with no leading or trailing Os. This 
can easily be relaxed, if desired. 
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valued or a more general valued sequence. 

One can use Eq. [93] to replace state sequences by operators. The definition 
of the Cauchy condition can be changed to apply to these operators by quanti- 
fying over the states |+, h,n}k, g as natural number representations and replacing 
the state \jj,hj,Sj)k, g in Eq. [33] by 0\+,h,j)k, g and the state ^(j)) in Eq. [35] 
by 0\+, h, j)k.g- Similar replacements are made for |7 m , h m , s rn )k, g and ^(m)). 
Operators that satisfy the relevant Cauchy condition are denoted here as Cauchy 
operators. 

The rest of the definition of quantum theory representations of real and com- 
plex numbers can be taken over to define representations as equivalence classes of 
Cauchy operators. In that case there does not seem to be a reason why one could 
not extend the frame field description to apply to Cauchy operators. An observer 
in a frame would see real valued physical quantities in an immediate descendant 
frame as equivalence classes of Cauchy operators. 

It is clear that there is much to do, both in understanding the representations 
of theories in the frame fields and in integrating this work with physics. In any case 
it is seen that quantum representations of real and complex numbers as equivalence 
classes of Cauchy sequences of states of qukit strings are different from the usual 
classical representations. Not only are the quantum equivalence classes larger than 
the classical ones but the space of representations enjoys two degrees of freedom 
not present in the space of classical representations. These are the gauge freedom 
and the iteration stage freedom. The freedom of base choice is present in both 
quantum and classical representations. 
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